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Naturalness of Polymorphism

Peter J. de Bruin®

September 1, 1989

Abstract

From the type of a polymorphic object we derive a general uniformity theorem that
the object must satisfy. We use a scheme for arbitrary recursive type-constructors. Special
cases concern natural and dinatural transformations, promotion and induction theorems.
We employ the theorem to prove equivalence between different recursion-operators.

1 Introduction

Objects of a parametric polymorphic type in a polymorphic functional language like Miranda
or Martin-L&f-like systems enjoy the property that instantiations to different types must have
a similar behaviour. Specifically, We use greek letters as type-variables, and T'[a] stands for
a type-expression possibly containing free occurrences of c. Stating ¢t : T[] means that term
t has polymorphic type T[] (in some implicit context), and hence t : T[A] for any particular
type A. Such instances are sometimes written with a subscript for clarity: t4 : T[A]. Some
type-expressions T'[a] are functorial in a. Le., for any function p : A — B there is a given
function T[p] : T[A] — T[B], such that T[I4] = Ir(4) and T[piq] = T[p]iT[q], where I is the
identity function and (;) denotes forward function-composition. It has often been observed (e.g.
[1]) that polymorphic functions f : Ula] — V[a], where U, V are functors, must be natural

transformations:
For any p: A — A’, one has f4;V([p] = Ulp]; far : U[A] = V[A'] (1)

Ilustration:
vja] —A— vi4)

p L,

For example, any function rev : a* — ax, where o is the type of lists over e, must satisfy for
p:A— A

rev ; px = p*; rev

Unfortunately, type-expression (U[a] — V[a]) is generally not functorial itself (because (—)
is contravariant in its first argument). One can extend statement (1) to dinatural transforma-
tions in the sense of Mac Lane [2] pp. 214-218, but such a statement is still not provable by
induction on the type-correctness of f. In this paper we will develop a generalization to arbi-
trary types that is provable for all lambda-definable objects of some type. The generalization
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allows one to derive many properties of polymorphic objects from their type alone, which are
conventionally proven by induction using their definition, for example promotion-theorems on
functions like:

foldr : (a x B — B)x B — (ax — B)
This promotion-theorem says forp: A — A’,q: B — B',c: AXx B — B and c:A'xB' - B,
if
cig=(pxq);c’:Ax B — B

then:
foldr(c,b);q = p*; foldr(c', qb) : Ax — B’

If one identifies natural numbers with objects of polymorphic type (a — a) — (a — @), one
can even derive Peano’s induction-axiom.

The problem was suggested to us by J.G. Hughes of Glasgow University who mentioned
property (1) during a lecture in Groningen in October 1988. After sending him an earlier version
of our notes we received a draft paper [3] from Philip Wadler (also of Glasgow University) who
derives the same main theorem (but in a more formal setting) as we do, and gives many
promotion-like applications. His paper gave us the references to the literature.

The essential theorem is in fact Reynolds’ abstraction theorem [4]. (His paper contained
a rather irrelevant inconsistency in regarding polymorphic objects as set-theoretic functions
on the class of all types.) The basic idea had already been given by Plotkin [5], and a more
complicated variant is formed by the logical relations of Mitchell and Meyer [6]. It was gener-
ally regarded as merely a representation independence theorem for datatype implementations,
while its implications for deriving properties of functional programs seem to have been unrec-
ognized at that time. Quite different approaches are used in Bainbridge, Freyd e.a. [7,8], based
on dinatural transformations in a category called LIN of certain coherent spaces and linear
maps, and in Carboni e.a. [9] where the so-called Realizability Universe is constructed. Both
approaches appear to be conceptually far more complicated than Reynolds’. There is also an
article by John Gray [10] which dealt only with naturalness of some particular operations like
currying.

Our contribution consists of the inclusion of arbitrary initial types, some applications of a
different kind than Wadler’s applications, a very attractive proof of the dinaturalness-property,
and a proof of equivalence between two different recursion-operators.

2 Our language

The proof of the naturalness theorem is by induction on the derivation of the type of an
object. We therefore need to specify some polymorphic functional language. It may be ei-
ther a programming language with fixpoints, where the semantic domain of a type is a cpo,
or a purely constructive language where types are just sets and all functions are total. We
will use a constructive typed lambda calculus. Besides type-variables a, we have (—) as the
function-type-constructor, and an unspecified number of other type-constructors O (possibly
user-defined), each constructing from a sequence of types U (of some specific length) the initial
(least) datatype that is closed under some object-constructors 0k, each having a sequence of
arguments of some types DU, ©U]. The Dy[a, 8] must be functorial in B,soforq: B — B’
we have Dy[a,q] : Dula, B] = Dyla, B']. There is an additional requirement on Dy, to be
stated later (3). We use a categorical elimination-construct ©_elim (compare Hagino [11]), from
which other eliminators may be defined.



The derivability relation ‘¢ has type T under the assumptions z; : S;’ is denoted z :: § F
t: T, and is generated by the following rules:

w8 kiS5 {Var-intro}
zuSFf:U-V;zuSku:U = zuSFfu:V {(—)-elim}
z:S,y:UFv:V =2 zuSEAyw:U -V {(—)-intro}

2 S &6y : Di[U,0U] - OU {O-intro}
2 SFOelim(v):0U -V {O-elim}

8 8 8 8 8

z::Skuv: DU, V] >V (each k) =
There is an untyped conversion relation (=), characterized by:

(Ayvly)e =~ o[y
O_elim(v)(6xd) =~ vk(Dile, O elim(v)]d)

We will define a typed extensional equivalence in the next section. The theorem can also be
given in an extended language that includes final datatypes, and dependent types. In section
6 we will add second-order quantification (in terms of which initial and final datatypes can be

defined).
Note that we deal with terms only, not with models. One can give the same results as we

do in an arbitrary model for objects representable by terms [3].

3 Naturalness on binary relations

Observe that, although we cannot extend a function p from A to A’ to a function from (U[4] —
V[A]) to (U[A"] — V[A]), property (1) suggests considering the binary relation between f :
U[A] = V[A] and f': U[A") = V[A'] given by f;V[p] = U[p]; f'. We will use this observation
to extend a relation (instead of a function) between A and A’ to one between T[A] and T[A’].

Definition. A relation R C A x A’ is a set of pairs of terms of types A and A’, taken
modulo conversion. (Had we used a programming language permitting the construction of
non-terminating programs then we would use elements of the corresponding cpos and R would
be required to be closed under directed limits: if V C R is (pairwise) directed, then | |V € R.
In particular, (L4, L) € R as L is the limit of the empty set.)

While we use a colon (:) for typing, (€) denotes relation-membership.

Definition. We will lift any type-constructor © to a relation-constructor such that for any
relation sequence R C A x A’ (i.e. R; C A; X A}) one has:

ORC OAXxOA

First, as (A — B) is the greatest type such that for f : A — B one has Vz : A. fz : B, we
define for Q CAx A', RC B x B":

Q—R = {(f/,f):(A- B)x(A' - B')|VY(z,z') € Q. (fz, f'z") € R} (2)

That is to say, the pair of functions should map related arguments to related results, as illus-

trated by:
a—1L B
1Q R
Al i BI



If Oa is the initial type closed under object-constructors
6k : Di[a,0a] = Oa
where each Dy, satisfies for relations P, Q, R
(9,9)€ P—>Q = (Dule,g),Dula,g']) € D[R, P] » Du[R, Q] (3)
then we define OR to be the least relation that is closed under:
(0, 0x) € Dk[R,OR] — OR (4)

This makes sense since for P C Q we have Di[R, P] C Di[R, Q] by (3), taking g and g’ to be
the identity I.

Thus, the induction principle for OR is: if we wish to prove a predicate P for all pairs in
OR, then, considering P as a relation P C ©A x ©A’, we must show for each k:

Y(d,d’) € Di[R, P). (6kd,0:d’) € P (5)
Check for example that all pairs in @R are convertible to (6xd,6xd’) for some k and (d,d’) €
Dk[Ra GR]
Example. Some relation-constructors corresponding to common type-constructors are
Q+R := {(inl(z),inl(z"))|(z,2) € Q}
U {(inr(y),inx(y")) | (3,9') € R}

@xR = {({z,9),(z",¥) | (z,2) €Q A (:¥) € R}
Bool := {(true,true),(false,false)}

and IN and R* are the least relations such that:

{(0,0)} U {(succ(z),suce(’) | (z,2') € N}
{(nil, nil)} U {(cons(z, z), cons(z’, 2)) | (z,2") € R A (2,2') € R+}

N
Rx

Now, for any type-expression T'[@] containing only type-variables from the sequence a, we
have extended a relation-sequence R C A x A’ to a relation T[R] C T[A] x T[A’]. However, T

is not a functor on relations.
Notice that the same schemes (2) and (4) describe extensional equality on ©®A in terms of

the equality on the A;.

Definition. Extensional equality on a closed type T is given by T as a relation:
Et=t:T = (t,t)eT

The symbol = and suffix : T will often be omitted. We shall consider only relations that are
closed under this extensional equality. Equality for terms of types containing variables will

soon be defined.

Now, if we can derive t : T[a] then not only ¢4 : T[A] for any type-sequence A (by some
substitution theorem), but also (ta,t4:) € T[R] for any relation-sequence R. (It is to be
understood that overloaded operators, like the effective equality-test (==4): A X A — bool in
Miranda, may not be used as if they where polymorphic.) Taking the context into account, we
have the following main theorem, equivalent to the abstraction theorem in (4], the fundamental
theorem of Logical Relations in [6], and the parametricity result in [3]:




































