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Abstract

From the type of a polymorphic object we derive a general uniformity theorem that
the object must satisfy. We use a scheme for arbitrary recursive type-constructors. Special
cases concern natural and dinatural transformations, promotion and induction theorems.
We employ the theorem to prove equivalence between different recursion-operators.

1 Introduction

Objects of a parametric polymorphic type in a polymorphic functional language like Miranda
or Martin-L&f-like systems enjoy the property that instantiations to different types must have
a similar behaviour. Specifically, We use greek letters as type-variables, and T'[a] stands for
a type-expression possibly containing free occurrences of c. Stating ¢t : T[] means that term
t has polymorphic type T[] (in some implicit context), and hence t : T[A] for any particular
type A. Such instances are sometimes written with a subscript for clarity: t4 : T[A]. Some
type-expressions T'[a] are functorial in a. Le., for any function p : A — B there is a given
function T[p] : T[A] — T[B], such that T[I4] = Ir(4) and T[piq] = T[p]iT[q], where I is the
identity function and (;) denotes forward function-composition. It has often been observed (e.g.
[1]) that polymorphic functions f : Ula] — V[a], where U, V are functors, must be natural

transformations:
For any p: A — A’, one has f4;V([p] = Ulp]; far : U[A] = V[A'] (1)

Ilustration:
vja] —A— vi4)

p L,

For example, any function rev : a* — ax, where o is the type of lists over e, must satisfy for
p:A— A

rev ; px = p*; rev

Unfortunately, type-expression (U[a] — V[a]) is generally not functorial itself (because (—)
is contravariant in its first argument). One can extend statement (1) to dinatural transforma-
tions in the sense of Mac Lane [2] pp. 214-218, but such a statement is still not provable by
induction on the type-correctness of f. In this paper we will develop a generalization to arbi-
trary types that is provable for all lambda-definable objects of some type. The generalization
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